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Introduction. 

The formation of functions, associated with differential equa- 
tions and analogous to the invariants of algebraic quantics, has 
occupied the attention of several mathematicians for some years, 
because of their great value in leading to practical as well as 
theoretical solutions of such equations. 

Starting with the work of M. Laguerre and of Professor 
Brioschi, M. Halphen, in two important memoirs,* indicated a 
method for the formation of invariants, but involving very diffi- 
cult analysis. He derived the two simplest invariants for the 
cubic and quartic and such derivatives as may be deduced from 
them. For this purpose he, by means of the transformation 

Y=ye B ° , brings the equation to a form having zero for 
the coefficient of the second term. 

Meanwhile Mr. Forsyth, starting with the letter of Professor 
Brioschi, prepared a very valuable memoir,t in which, by means 
of the following transformations, he obtains a canonical form in 
which the coefficients of both the second and third terms vanish. 
This may be stated as follows : 

When the linear differential equation 

dx V 2 , 

. . . + P n = o 




♦"Memoire sur la reduction des equations differentielles lin&ires aux 
formes integrables " (M/moires des Savants £tr anger s> Vol. 28, No. 1, 
301 pp., 1880). Also, "Surles invarients des equations differentielles 
lineaires du quatrieme ordre " {Acta Math., Vol. 3, 1883, pp. 325-380). 

\ ** Invariants, Covariants and Quotient Derivatives associated with 
Linear Differential Equations." — Philosophical Transactions of the Royal 
Society of London \ Vol. 179 (1888), A, pp. 377-489. 



has its dependent variable y transformed to u by the equation 
y = uX, X being a function of x and its independent variable 
changed from x to z, where z and X are determined by 

;. = ,-, *=,-, (I) 

& + «+ i ^ = * < 2 ) 

the transformed in « is in the canonical form 

d * u , l n \ r> d n ~ z u ,(n\ n d—*u n 



( * ) bein S 



the binomial coefficient 



r\n — r\' 

The coefficients P and £ of these equations are so connected 
that there exist n — 2 algebraically independent functions ^0*") 
of the coefficients P and their derivatives which are such that, 
when the same function #*(#) is formed of the coefficients Q and 
their derivatives, the equation 

9 a {x) = CO**.(jr) ' (3) 

is identically satisfied. For this form of the differential equa- 
tion 

n r = <r — 3 JrQ 



where 

— * ~~ il<y— 2 ! 2tf '— r — 2! 
r,<r ~" r ! 20- — 3 ! * — r ! <r — r — 1 ! " 

Thus #«r(2) is independent of the order of the equation. In 
this z is completely determined by equations (1) and (2). But 
there may be difficulties in the way of solving (2), and thus it is 
desirable to form the invariants for the uncanonical form of the 
equation. 

For this purpose Mr. Forsyth establishes relations between 
the coefficients P and Q for the case in which z y being arbitrary, 
is given the value x + e/*, where e is so small that the square 



5 

and higher powers may be neglected, and /i is an arbitrary non- 
constant function of x. These relations are expressed thus : 

s\ 

0ls—~ 6+ i"! 

js-e + i p ; 



c e=s— i r 

2 = o 



{n(s _ o - i) + s + o - i} p, ^_ r /jJ 



(5) 



These relations are fully developed in Mr. Forsyth's memoir ; 
also in Dr. Craig's excellent work* they will be found, and such 
a general treatment of the whole subject of differential equations 
and differential quantics as makes the work an invaluable help 
and guide to any student of the subject. 

Then we derive 

d* ~ dx? * l {r + s) -' * ^^ dx r + l 

r\ 



wi = r — 1 



m\ r — m -f x ! 



\s(r+i) 



, ., d m P ^ r ~ w +V 



P $ = 8 — 1 



' = o 



*! 



0!j--0 + i! 



\n(s—0—i) 



K(6) 



+•—< £(*£■'&)] J 

The only invariants that have been formed, so far as I know, 
are # 8 , # 4 , # 6 , # 6 and # 7 , where r is the invariant of the rth order 
of an equation of order n. 

In Section I of this thesis the general invariant 0. is con- 
sidered, and it is there shown that in the non-linear part every 
term is of the form AB C. Where A is a number, B is a 
function of P t and its derivatives, and C is an invariant or the 
derivative of an invariant with suffix differing from s by an even 
number. When s is even C may be a number. 

Section II deals with the coefficients of #,, giving some 



* Treatise on Linear Differential Equations. By Thomas Craig, Ph.D. 
Vol. I. 



general expressions by which they may be calculated for any 
value of s. 

Section III treats of associate variables and associate equa- 
tions, showing which are identical and which may not be. 

Dr. Craig having discovered that the condition for the self- 
adjointness of the sextic and octic was that their invariants with 
odd suffix all vanish, suggested to me the general theorem 
announced in his treatise, pp. 293-295. The proof given at that 
time only applied to equations in Mr. Forsyth's canonical form. 
By aid of what is established in Section I, it is shown to apply 
also to equations in any form. 

A fuller history of the subject will be found in the works to 
which reference has been made. 

This paper was not only suggested by Dr. Craig, but has had 
his valuable criticism. 



Section I. 
The Form of the General Linear Prime Invariant 0, 



»• 



Since 8, has only a linear part when P 2 vanishes, its form must 
be as follows : 

[AP. 4- BP._ X + c/>:'_ 2 + . . . + WP[— %) ] 

+ [/?} *A-« + *A-< + . . - + *.-i/ > J- i, f] 

+ [PI! <*A_< +*^.-. + ...+*-./ , l , r 1 ,, n 
+ [/","} ] 

+ [etc ] 

+ [etc ] 

etc., etc 

In this (r) is the differential index, so that 



^ 2 - dor ' — K - dx? 



K 



The sum of the suffixes and differential indices, it will be 
noticed, equals s for every term ; that is, 6, possesses a kind of 
homogeneity.* s is called the index or dimension number of 
S,\ the dimension number of P[ p)r &?- K being 

(/ + 2) r + fi + s — x. 

Denoting the terms within the square parenthesis by Z,, a, fi, y, 
<*, etc., then &,= L + a + fi + y + d + ... 

The notation used here will be nearly that used by Mr. 
Forsyth, but to simplify the work the p's and their derivatives 
arising from z = x + e/i will be dropped, that is, they will be 

* Philosophical Transactions, Vol. 179 (1888) A, pp. 391-92. 
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treated as unity, when the result will not be changed by doing 

__ d°P 
so. Also Pl Q) = ~-j- f will be considered = with P r . 

The general form of the terms in L is 



(-i) 1 



SI S— 2 ! 2S 



T-2\ 



Pl T ± T> T = O y 1,2 . . . s— 2. (a) 



2.t\s— 7 \s — T—l\2S—^l 

I shall now show that when * is odd each of the numerical 
coefficients a K , b K , c K) d K , etc., of the non-linear part of 0, equals 
zero. 

From page 4 of the introduction we have 

*JLx) = y 0.00 = (1 - w//) *.(*) 

identically satisfied. If in the right member of this identity the 
Q's and their derivatives are replaced by their values in terms 
of the P's and their derivatives, as expressed by formulae (5) 
and (6) (page 5, introduction), then the terms of dimension ' s ' 
in each member cancel, those of dimension ' s — 1 ' furnish the 
numerical coefficients in the linear part L, and there remain 
terms of dimension equal to and less than s — 2 with which we 
may determine the coefficients of the non-linear part. 

Remembering the convention Pl 0) = P r , formulae (5) and 
(6) are included in 



^ = />«Ji-(r + 5).^} 



d? 



m = r — 1 r~ r I 

-e 2 — i ^— l — .\s(r-m + i) 

TO= =o [jnir — m + il 1K J 



2 = o 



J! 



o\ s-0+i li n( - s - - l) 

+ s+ 0- i}(7V'~' +x, ) (r) 



(?) 



r = 0, 1, 2, 3 . . . s J 
Also, differentiating the invariants, we find 



(9) 



{j(r- m + i) + /»} 0<"V+ l — > 1 
Then £, = /»,(!- 2.7/) - ^-g^ v"\ 

Q. = P> (1 - yj*') - 3«a"/», - * ? '- «a» w , 

4 



£. = /». (1 - 6s/) - I5V"/*. ~ *(« + 9) «/»'"^ 

- 5 (« + 4) «J« W ^. - 1(3» + 7) m w P* ~ -■ ~- 5V 

*4 







V T , 



^ = /? (1 - 4^') - y,,"P' t - 2M,J"P t - ^-±1 e;S, 



d ^± = />i«> (1 - 6-V) - 9^"^1 - V.«'"P 

- 1 ^ )6/i"/>, + (« + 5) j»'"^I - A (« + «i» T . 

etc ... etc. 

From these follow 

Ql = Pl\i- *rstf\ - rP\- x%J ^ l «/.««, 

(^r)~= C 7 ". 1 )" (1 - *4V) - *» {IT)'- 1 \ 5«m"/*. 






y J J J ". 

J J 



t • 



IO 



If / y 1 "0£r« ,) be a term in 0„ then will the term ^ d * J*'!.'^ 
be multiplied by (-s 7 )* or (i — sn'e), and 



<fe* «?*" 



= (i + m/i') | Pi" (i - 5./) - gs//'/*' 

x(^W{»-(*-5)^}-»""g'[ »l«-4-»f 
\(x - 4 — **)(* — *) + w j 0J*\ e A* ( "-*-" , ~h 



+ 2^'/> + ?L+J e/ ^ 

o / 



m—K — i 

- P',"e 1 

flt = 



»* ! x — 4 — i» ! 



In this equation the terms of dimension ' s 9 cancel and — e 
is a factor of the remaining terms, so that when every term in 
&, is treated in this way, all terms of dimension * $ ' cancel each 
other and the remainder is divisible by — e. Denoting by RL 
the remainder of the linear part Z,, by R a the remainder of the 

(n \ . n ! 

— the binomial coefficient — 1 — ^zr\* 

also omitting the /ji's and dividing by — e, we get 

RLElA\ s ~^± p g _ x + ±lllL(n + 1 + 2(s— 2) P._ 2 + etc.l 
[__ 2 2.3* J 

+ £ [> — I P.-.! + ...]+■•• 

* • 

" « * » 

t * • « ' 






II 



+ C U.S-2) /»._, + ... + —, { 2 (S - 2) + il />;_, 



for the first three terms of #.. Replacing A, B y C, etc., by their 

values ((a) p. 8) i, — -y , *^~ *j ^J" 2 , etc., the (r 4- i)st 
term gives 

, Xr S\S— 2\2S — r — 2! 

(- 1) 



! c — r\ s — Y — t ! of — 1 ! 

(s-r) 



2.r\ s — r \ s— r — 1 ! 2s— 3 ! 
r 
m 



L 



{( 

( ( s — r \ n + 1 x — r— 1 
\\z — r) 2 x — r+i 

T )}fr ( " +l, / , .-«) (r) , 



s— r 



z— r+ 



r + i,r + 2, . . . j_ 



(10) 



as a remainder. By giving r all values o, 1, 2, 3, • . . (10) ex- 
presses the whole of RL. 

Ra= P % [j (s - 3) a z e,-s + «*^~ 4 • *.-* +(2*-7)0._ 4 | + etc.] 



2/> 2 + 



« + 1 



[*A- + *A- + *A'-. + . . .] 



+ « T |> "3T [ { (i)^ + fe) } «- 

r = x— 2 , 

with similar expressions for the other parts, Ry, Rd y etc. Suppose 
that the coefficient of P< 9 1 K in RL is ^(w + 1) + 2?i + G. 
Then the general forms 

r = z/, z/+ 1 , . . . x — 1, 
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(-I)' 



and 



2 \r)\r-i 



s — 2\{2s — r — 2\ s — r 



\(n K + l P V r) 

r = v y v + i, . . . * 



— i, 



t-tflTXrl-TX^* 



)[(t)<« - «) + Grb)] 



will, when expanded, give -^u Z?j and Ci respectively. In these 



( 



2S — x — 2\ . 



2S— 3 

to be 



is the reciprocal of 



2S—3 



25 — x — 2 



I. Thus .4. is found 



s\{S — 2\[, x \ I f~25 — Z>— 2... 25 — x — 2 



1 ^ \ x /\z; — i/V 2 ^ — 3/4^ L x ~~ tf+i! 

25 — z> — -i ... 25 — x — 2 5 — Z> — I 
s2 x _ v __ 2 

x — z>! I 



x — V— I 



25 — Z> — 4 ... 25 — x — 2 5 — V — 1.5 — V— 2 

+ —3— r - i x — z> — 3 



x — z> — i ! 



I . 2 



+ ...(-1) 



K— V 



25 — x . 25 — x — I ...25 — x — 2 



3! 



w 5 — V — I. ..5 — X-f2 . 

X i ± etc 



x — Z> — 2 ! 



5 — Z/ — I ... 5 



J 25 — X — 



5— x -f-z; . . . 5—1 



x — z>! 



x\ /s — x + z> — i. ..5 



x — v\ 

- I 



5 — V + I ! 



5 — Z* — I. ..5 — x — I 
x — Z> — I 



Use the upper or lower signs according as x — v is odd or 
even. To obtain this result expand 

x*(i — xy~ v ~ 1 = ^ a -(5 — v- i)x* \ 

5— v— i .5— z/— 2 4 , v K _ p 5 — z> — i! ,., V(a) 

2 v y x — z/ — 2! ) 
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and 



*-'(! - *)-«—«-■> = -4- + («-*- 2) -£. 



25 — x — 2 . 25 — x — I , [2S — x\ 

+ : +{ -^-) x + 



+ 



2S — V — 2 ! 



z — z; -f- I ! 25 



— r — ?! 



* 



,«c— # — l 



Differentiating the last equation, 

_ ( 2 j _ z - 2) *- 2 (I ~ *)-<■*-«- U 



__ —i 2^— *— 2 

-f . . . *— v— i 
+ . . . 



+ o + 



25 — x! 



3 ! 25 — x — 3 ! 



25 



V 



— 2\ 



— V+I ! 25— X — 3! 



*« 



— w — 2 



^ . (b) 



The coefficient of x*— in the product of the right members 
of (a) and (b) is the series of terms in square parenthesis in the 
expression of A x above, and the coefficient of x K ~ p in the pro- 
duct of the left members is the quantity within square paren- 
thesis in the final value given for A x . 

B x is found by putting (1 — x)'~ v ~ x and (1 — x)*-*-* equal 
to their expansions and taking the coefficients of x K ~ v+1 from 
the product of the left members and also from the product of 
the right members. Then 



Bl =(-iyi± ys 2 



5— x 



X J\V — 1/\25 — 3/ 2V 
5 — V — I 

=F ' 



5 — I ...5 — x + v — I 



X — V + I 
5 — V — 
x 



^_J)a,_*_ a "|. 



x — V+ I, 

If in these expressions for A ly B x and C lt v is made equal to 
zero, then for all odd values of x 

A l = o = B 1 + C lt (n) 

while for even values of x 

s\/S — 2\f X 



A x (n + i) + B l +C 1 =: 



T25 — x — I 

: (n + 1) + 

L 2 . x -f I v ' 



X /\x— I/\25— 3 

5 — X . 5 — x — 



X . X + 



Kh 



(12) 



For z>. = 1 
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and x increased by unity, A 1 (n + 1) + B x + CI becomes the 

s — X 
same as in (12) multiplied by . Then in RL, if Wbe 

the coefficient of P t - K when x is even, 

_ IV. ^^ is the coefficient of /*_«_!• (13) 

When z; = x — 2, let ^ (» + 1) + B x + Ci be denoted by a^. 
The following are the values of A x , B x and C x when v = x — 2 : 

__, \*( s \( s ~~ 2 \( x \ *""*« 2S—X — 2. 2^~x-I. 25— x 
^* — t~ IJ W\* — I/\2J— 3/ 5-X+I.5— x.4 

*.=(-.)-(:)(s)fe, 

25 — x— I . 25— x— 2 . 2^—2x4-3. z— I 

r _ ,__ T yc + i/ J Y J "" 2 V * ^ 25-x — 2.35— 2X-2.X— I 

c *-t ^ ^A^-i;U- 3 y 2.6 

Now, when the whole remainder is considered, the coefficient 
of each of the (/*]!>. A )'s must be zero. Let us now consider 
those terms of dimension 5—2. They will be found only in 

RL and Ra. The coefficient of i*_ a is — « u -\ 2 — a *> This 

o 

equals zero, and when v = o and x = 2 

- = i {it^r){^) {(2S ~ 3)(w + + * - * + 6}. 

therefore 

The coefficient of />£_» is, by (13), 

« + 1 ,«+i 5—2 5—2 _ * + 1 . 

~6~ a * + — 6~ " 3 "5 r~ "" - — 6~ "" 

then 

a, = o. 

The coefficient of P f ,L 4 is 






5—2 

<z M . 

4-25-3 



15 
Substituting for a, and <z u their values, 

** = ^^(f)( £ l- 2 )|j^|l^-( n+I X«-5) + ^-4^-5}- 

Calling the three terms whose sum gave the coefficient of P f a L* 
X, fi 9 v, then the coefficient of Pl*L s is 

« + i , ^-4] , 5 — 4.5 — 5 — , , , 

-g- «» + -j* * + -gTiF- g " - "» = ** + *» + * + *• 
say. The last three terms reduce to zero ; therefore 

a B = o. 
The coefficient of Pi 4 l 9 = <r a + ^ + f*z + «u, say 
n+i , j — 5. j — 6. 5 — 5.5 — 6 

6 2 . 25 — 1 1 4 . 25 — 9 * " 

Reducing this, 

— 6 / 5?5— 2! 25— 12 ! \ f/ , w N 

* = JT+l ( ,-6! J -6!2.-3! 3 !j {3(W + I)(2J ~ 7) 

+ 5 — 6. $ — 7}. 

Similarly a 7 may be shown equal to zero and 

— 6 S\S— 2\ 2S — l6! f , , x , . 

a. = — - j ^-1 5-1 1 14(# + i)(25 — o) 

« + 1 2 . 3 ! 5 — 8 ! 5 — 8 ! 25 — 3'. 1 ^ JK yj 

+ 5 — 8. 5 — 9}. 

Had the terms in the coefficient of Pl*l n been denoted by 
n + 1 



6 



07, os, ^1, jfc s and a M , then those giving a 8 would be 



n+i , 5—7.5—8 , 5—7.5—8 . , 5—7.5—8 
6 8 2.25—15 8 4.25—13 8 6.25— II 8 " 

It thus appears that h, IH, <** have a relation between them 
similar to X if fi ty <r, and ^1,^1,0-1, etc., and if we follow the same 
law the coefficient of P*zl becomes 

n -f 1 ( s« + 1 ["" 5! 5— 2! 25— x— 2p— 2! 

"o - a " ~" °" +C "" i; L4^-2>!^-x!5-x+i!25-3! 

25 — 2X . 25 — 2X — 2 . /30 p 



i6 

where /S = 25 — 4p — i and 

B p = {/(» + l)(25 - 2/ - i) + (s - #)(j - 2/» - i)}, 

2/ = 2, 4, 6 ... x - i or z. 

Also a« would equal zero when * is odd, and when * is even 
— 6 5! j— 2 ! 2s — 2z\ (*_ 

«+J 2.3! 5— -x! 5— x! 2J — 3! \ 2 

4- (s — *)(s — x — 1)). 



*« = _-— - .1 ._.i c-ri ^ C -T 7T (— ( w + 0(2*-*- 



To prove that this law holds, consider the series 

L 415 — x'5 — x — 1!* — 2125—3! 

5 ! 5 — 2 ! 25 — x — I ! (25 — 2x)(5 — 2x + 3 ) 

4(5 — x ! 5 — x— 1 ! x — 2\ 2s — 3 ! 

^!^ — 2 ! 25 7- X — 2 ! (35 — 2x — 2)(25 — 2x)(5 — x + i) 

4 ! 5 — x ! 5 — z+ i!x — 2 ! 25 ■— 3 ! 

v S\ S — 2\ 2S — X — 2p — 2 ! 
— 2 — : -n j ^— -1 i 25 — 2x 

4 ! x — 2p\s — x ! 5 — x + 1 ! 25 — 3 ! 

X 25 — 2x + 2 . 25 — $p — I . dp, 

2p = 2, 4, 6 ... x — 1 or x. 

The first three terms are what A x , 2? x and Q become when v is 
made equal to x — 2. As the series is to be shown to be equal 

S ^ S — 2 ' 25 — 2x — 2 ! 

to zero, the common factor (—1)* -,- — ! — i — ! ; • ! — r 

V y 4!5 — x!5 — x+l!25 — 3! 

may be omitted. Then 

25 — x — g\ _ 25 — x — g . 25 — x — jr — \ . . . 25 — 2X — I 
7.—g+2)~ *—g+2\ 

= x Gr)> sa y» 

and 

~ r /(g+ 2) = 7 (£•). (14) 

The series to be considered now becomes 
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X (4) • 2S — * . 2$ — x — I . 2S — x — 2 . 2S — x — 3 . (jl + i) 

— / (4) . 2$ — x — I . 25 — x — 2 . 2S — x — 3 . 25 — 2x . S — 2x + 3 
+ X (4) • 2S — x — 2 . 2J — x — 3 . 2^ — 2X . f — z -h I . 3^ — 2X — - 2 

— X (4) . 2S — 2X . 2S — 2X + 2 . 2S — 5 (« (2$ — 3) + 5* — 3* +3) 

— £ (6) . 2S — 2X . 2S — 2x + 2 . 2S — 9 (2« . (25 — 5) + J 1 — 5*+ io) 
— -#(8). 25 — 2X.25— 2x + 2. 2S — 13 (3*3 . (25 — 7) + 5 a — 75+21) 



— xC^p+2) . 25 — 2x . 2S— 2x +2 . 2S—^p — I {ptl (2S — 2p — l) 

+ 5* ~(2p+ l)s+p (2fi+ I)}, 

2p = x — 1 or x. 

Consider the coefficient of n t 

X (4) [25 — x . 25 — x — I . 25 — x— 2 . 25 — x — 3 

— 2$ — 2x . 2S — 2X + 2 . 25 — 5 . 2S — 3] 
= ** [8^ — V (2x + 3) + x (x + II)] x — 2 . x - 3 

= x — 2.x- 3-*(4)4>say, 
= 2S — x — 4 . 2S — x — 5 Atf (6) by (14). 

Take from this 

X (6) . 2S — 2X . 2S — 2X 4- 2 . 25 — 9 . 25 — 5 . 2, 

and the second remainder is 

X (6) x — 4 . x — 5 . [125 2 — 6s (2x + 5) + x (x + 29)] 

= x — 4 . x — 5 . x (6) J a , say. 
This equals 

25 — x — 6 . 2$ — x — 7 . ^ (8) J 2 by ( 14). 

Take from this the next term of the series, 

X (8) . 25 — 2x . 2S — 2x + 2 . 2S — 13 . 2S — 7 . 3 ; 

the remainder is 

x-6.x- 7/ (8 > )[i65 a -85(2x + 7) + x(x + 55)] 

= 2s — x — 8 . 25 — x — 9 . x (10) A z , say. 

Supposing this law to hold for all differences till the (m— i)th, 
it can be shown to hold for the rath. The (m — i)th is 



i8 
z + 2-2OT.x+ i — 2m./ {2m)\jyn& — 2ms (2x -f- 2m — 1) 

-h x (x + 4#* a + 2W-l)]=/ (2m + 2) J w _i 
25 — x — 2tn . 25 — x — 2171 — I. 

Taking from this 
mx (2m + 2) 2S — 2* . 2S — 2x + 2 . 2S — 2m — I . 2S — 4m — I, 

there remains 

x — 2m .x — 2m — 1 .x (2m + 2)[4 (m + 1) $ 8 

-— 2 (m + i)(2x + 2w + 1) + x(x + 4w a + 6w + 1)] 
= x — 2m . x — 2w — ix (2m + 2) J m ; 

that is, the rath difference is the same function of m as the 
(*» — i)th is of m — 1. 

When 2m = 2/ = x — 1 or x the subtrahend is the last term 
of the series and the difference vanishes. Thus we see the 
coefficient of n in the series vanishes. 

The algebraic sum of the first four terms independent of n is 

x — 2 . x — 3 x (4) [2^ — *" (2x + 8) + IOS (x + 1) 

— x(x + 11)] = x — 2.x — 3^4, say, 
then by (14) it equals 

A X 2S — x — 4.2s — x — 5. ^(6). 
Taking from this 

X (6) 2S*— 2X . 2S — 2x + 2 . 25 — 9 . 5* — 5$ + IO 

there remains 

X (6) x — 4 . x — 5 [2/ — (2x + 12) 5 s + (14X + 25V — x (x + 29)] 

= X (6) * — 4 • * — 5 4> say. 
If the (m — i)th difference be 

X-2W + 2.Z-2W + I ./(2W)[2/ — (2X + 4/0)$*+ {2x(2W+l) 

+ 2(m — i)(2m + 1)} s — x (x + 4m* -2W- i)], 
which we will denote by <p (m — i) ; then the mth is 

<(>(m— i) — / (2W + 2)[2J — 2X . 25 — 2X + 2 . 2J — 4*» — I 

X {mn(2s— 2m — 1) + s* — (2m + i)j + w(2^+ i)}] 

= X (2m + 2) . x — 2W . x — 20* — I [25* — 5 s (2X + 4 (m + i) 
+ {2x(2W + 3) + 2*»(2tf! + 3)}$— x(x + 4W a + 6*»+l)] 
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This vanishes when 2w = x or x - i, and also completes the 
series. 

Thus the whole series has been shown to vanish whatever be 
the value of *. (15) 

Assuming that a K = o when x is odd, and 

—6 s\s—2\2S—2x\ ( x . . 

= ; j ! i f < — (n 4- i)(2J — x — 1) 

tt+I 2.315— x\ 5 — x\ 25—3! I 2 v /v J 

+ 0* — *)(. s — * — 1) [ 

for all even values of x less than 2w + 1, then it may be shown 
to be true when x = 2W + 1 and 20/ + 2. The coefficient of 
P^l^Lx in -££ is «!.*,+!, and if M* K represent the value of a K 
when X- is even, and Nl represent the expression 

, . j!,e— 2! 25 — t — 2! 

^ *' 2\r\s — r\s — r— I ! 25 — 3!' 

i. e. the coefficient of Pl T l r in Z,, then the whole coefficient of 

Z>(2»-1) •« 

*i— at»— 1 1& 
tt + I 



T" • • • ~T Ifl He™ $ — 2w J 



— 6 



6 

ft -h I 

6 ' 

Now ai. to+ i is the sum of the first three terms of f, and the 
following terms are those of r also ; for taking any one of them, 
as 

it becomes, when written in full, 

6 n+i sis — 2! 25 — /lz\ f^,^ 

— ; z 1 1 r 1 {2(n+ij(2s— 22— 1) 

# + I 6 2. 3! 5— 2<3r!5— 2Z\ 25— 3! l v JK ' 

+ (5 — 22r)(5 — 2Z — i)} 

5 — 2Z \ S — 22 — 2 ! 25 — 2W — 2Z — 3 



X 



2 ! 2W — 2Z + I ! 5 — 222/ — I ! 5 — 220 — 2 ! 25 — 4# — 3 ! 

5 ! 5 — 2 ! 25 — 2W — 2Z — 3 ! . 0, 

— i  j j j r 25 — AW 

4 ! 2W — 2Z + I ' 5 . 2Z0 — I ! 5 — 2W \ 25 — 3 ! ^ 

X 25 — %W + 2 . 25 — ±Z — I, 
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which coincides with the last terms of r when x = 2w + i and 

ft, "4- I 

z =p. Thus the coefficient of -Pi^-i consists of — ^ — &%w+\ 
plus a series of terms which vanish by (15) ; then 

a«»+i = o. (16) 

The coefficient of Pff*,_ 2 is 



—2 



+ . . . + MLN1-*,] = o. 

r gives all the terms in this expression when * = 2w + 2, 

excepting the first or — ^ — a iw+i . But the last term Mi w Nl^ 2w 

is the second last in r when * = 2W + 2, 2/ = 2, 4 . . . 2w + 2. 

44 _1_ T 4» _1_ T 

Taking r from the above coefficient, fi 02»+a z~ M\ w +% 

is the coefficient, since T = o always. And as this must vanish, 

Thus (16) shows that if for any odd value of * and all lower 
odd values a K = o, then a K+% = o, and (17) shows that if for 
any even value and all lower even values a K = M' K , then 

On pages 14 and 15 it is shown that a K = o for * =■ 3, 5, 7 and 
= M" K for x = 2, 4, 6, 8. Therefore it follows that (16) and 
(17) are true for all values of w. 

It follows, then, that in 9 the row of terms designated a, of 
which P a is a factor, contains no invariant or derivative, of the 
form 

*2£ l 2i. (18) 

This is also the case for the terms entering in the row desig- 
nated fi and of which P f 2 is a factor, for the term /j0J_ 4 is found 
only in Pa and Pp. Its coefficient is 

2^ + (2$ — 7)a 4 ; 



then 



. 2J — 7 
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Any term as / , ,0i'L~ 8, , x being odd, could appear only in Ra 
and Rp, and as it does not appear in Ra it cannot in Rp. 
The coefficient of Pj& ( ?lT u z) is 

**» + { (£f=f)(* - 2u) + (£^) }«•=<>> 

or 

2b %u + (u — i)(2s — 2« — 3) a u = o. (19) 

The terms of dimension s — 1 and of form FJ&iZ* can appear 
only in Rp and Ry, and when x is odd Ho such term appears 
in Rp ; therefore it does not enter into Ry. 

When x is even, the coefficient of Plfi?!^ is 

or 

5^. + (2a — 3)(* — u ~ 2) £*, = o. (20) 

In this way it is easy to see, by taking one row after another, 
that the non-linear part of 0, contains no term having 0£L as a 
factor when x is odd. (21) 

From this it follows that if all the invariants of a differential 
equation with even suffix vanish, the linear part of each vanishes. 
The same is true for those with odd suffix. (22) 



Section II. 
The Coefficients of 9,. 
S, has, as we have seen, a linear part expressed by 

T=0 

or 

Then follow a series of terms 

expressed generally by 

-Frfl 

or 

6 * = lC7~J ^!j — 2!2J — 



Mi ) 

!2J- 3 ! J-, 

2Z _ !)}«(«-..) 



»+I ' ic = i 2.3!$ — 2*\S — 2z!2J — 3! ^-,(24) 

{x(n+lX2S— 2X— l) + (s— 2x)(s— : 

meaning the greatest integer in . Then follow 

P\ {6A-* + 6f2L* + W-t + • • •} 
+ P'i {cA— + c t 8'L, + efiSL, + ...} 

+ P'J' {e.e'-, + efiHL, + ^.u + . . .} 

+ P? {gJ*.-> + gM-% + eJF_» + ...} 

+ PP {««_. +WPL1.+ .-.} 

+ 

These are expressed generally by 

-Ft 2 ] -P^l 

/Y> 2" miffs'-" + / , r +1 » i" ^ffs'- 11 

v = 2, 4, 6 . . . etc. 



_ V+J r-f 4 

* — 2 K — a 
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If any two consecutive rows be considered, for which (y = fi) y 
the remainder arising from them will contain a term 

found nowhere else, because all rows preceding these have P? ] 
as a factor where v < fi 9 and rows following them have a re- 
mainder in which the index of $ _ iK cannot be as great as 
(2x — fi — 3). This remainder is 



Dr=TT7T (3 + aO Pt ~ " + APT ~ « 



+ 



-Pf-1 



BP?- %) + . . . + \ Z Wfc^S"-*' 

J « = ££? 



r = 2z — fi — 2 

[St (4 + *> ^ 



+ 



4- . . . -f terms of lower dimension 



-M 



+ /» 



-PrTI 



« — 



ionl I* 2 MffS"^ 
-J *_£±i 

r = 2x — ix — 3 . 



Equating the coefficient of the term P^S^Lj^'^ to zero we 
obtain 



M + I , . V 

jr^r (4 + *)*..= 



-If 



2* — /x — 2 



I \2* — /* — 3 
+ 



|(J - 2X) 



^)K I 



2* — A£ — 
2* 



(25) 



24 

In this x is any number and fi any of the values of v, so that 
the coefficients g iK of any row may be expressed in terms of 
those of the preceding row, viz. n* . 

(25) when simplified gives 

P- + I ,. , > _ (2X — fi — 2)(2^ — 2x — fi — 3) ^ 

— — (4 + *0?a« = - - «»«. 

Making i± = o, 1, 2, 3 . . . this gives 

4 . I . £2* = — (2* — 2)(2S — 2x — 3) 4 
5. 2 . *„ = — (2X — 3)(2J — 2X — 4) A 

6. 3. e^ = — (2x — 4)(2J — 2x — 5)^ 



2k 
2#C 



fr+ I )(4 + /*)?•« = — (2x— Ai— 2)(2J— 2X— At— 3)« 2<t . 

Equating the product of the right members to the product of 
the left gives 

A*+l!A* + 4! , y + 1 2x-2!25-2x- 3 ! 

* W ' 3 ! ~ ( ' 2 x-^ 3 !25-2x- M -4! aw - ^ 

The ^'s being coefficients in the row multiplied by P& + 1) it 
is seen that the coefficient of any term of the form / > , ^, 0J 8 li; 6 ~* , 
may be expressed in terms of the a's. Writing this coefficient, 
for brevity, (<*)&* ~ 8 ~ s) , then 



2X — 2 ! 2S — 2x — 3 ! S ! S — 2 ! 2S — 4X ! . 



(*) 



] 



d\ ^ + 3! 2x— 5— 2! 2S— 2x — d— 3! 2S— 3! S— 2x! J— 2x! 2 V . (27) 



n + 1 
There still remain terms of the form 

Here a, d f c, d, etc., are indices expressing powers of the 
factors to which they are attached. (a a pf tfV)!? is the coeffi- 
cient of the term having such indices, powers and suffix s — 2x. 
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Cir + 2) I (29) 



Throughout the whole invariant the order of the factors will be 
taken so that _ _ _ 

«</?<r^<*< £ . etc. (28) 

2* = m + a (a + 2) + £ (/S + 2) + t (r + 2) 

+ <*(* + 2 

The numerical value of (af/Sy^V)!? >s found by equating 

the coefficient of P^'P^'P^'P^PP"^™* in the remainder 
to zero. 
It is 

+ («• -^ <SV " *£ + a + 2)&) ',**+*' (2£ + 6 + a) 
+ (ar-V^- 1 e + /9+2)g' e + f + 2 , ! (2S + 6 + 0) 
+ («'y9' r «- 1 ^->e + r + 2)i: ) ^^V (2e + 6 + r ) 
+ (a'pfir-h' - V + S + 2)£> e |^ 2! (2e + 6 + *) 
+ (a-iSV d*e- - *2* + 2) £> *.**', ( 3 e + 6) 

* w ! e 4- 3 ! 

{( e + 3)0 — 2Z ) + »} 



► =0. (30) 



« — e + 2 — =0.2.4.6... 



(a-i/SVi^e-OfcL «_._,. 



2* 



— 2 (a + £ + £ + <*+<?) — 2£ + 2 f— J 



.(31) 



(e)i ff j« + a is the numerical coefficient of / > i -, 0£!»_ € _ 1 . 
dJ>\C\d x e x take all values consistent with ^ < *, and 

«i + ^1 + ^1 + ^1 + ^1 = the constant (a + £ + c + d + * — 1). 



1 
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(a a /9y<JV -1 )( r) stands for the numerical coefficient of 

r =y 4- * — m. 
y = 2x — 2 fa + ^i + ^i 4- di + *i + I) 

— 7T — ^a — b x ^ — cur — dyd — (e x + i)e. 

In the coefficient (a^^^e'OiS-w-.i-r -5 is to be changed to 
s — e — 7r — 2. When $ — 2x = 2 the terms that must be added 
are easily recognized. 

For an example, let us find the coefficient of P\6?± j t u) . In 
this 

a=zd = c = d=e = o, e = 6, 

* = o . 2, 4, . . . 2x — 12, r = o, _y = 2* — 12 — *r. 
Then 

^-(w+iXo^-^+o+o+o+o+Co^)^- 1 ^ — 
+ (oX> 2X ~ I0 ^~" (3* - 4* - ") 

+ ^p [co),(tf)a«- J u, +(o)i j »(o 5 )^"»+(o)i«(o')ii''-, w » 

+ . . . + (o)C ",?» (P%] = o. 

This states that 

w + 1 times the coefficient of P&flt?* 
+ twice the coefficient of PIP'M'IT^ 

+ 2*— io.2x— n (3*— 4*- 12) times the coefficient of Pjffl2 u 
+ «+l times a number of terms = o. 

Any one of these last terms, as (o)J 4, (o 8 )iJ c jr« 1 * ) , is written in full 
thus : The coefficient of P£?L* times the coefficient of P\B$LT?$t 
in the invariant #J 4 ! 6 . 

As another example, find the coefficient of P\P^ )Z P^ )% ^T-w 

Here 

2x = m + 23, = 2, b = 3, * = 2, 

a = O, /5 = I, e = 3, 7T = 1 . 3 . 5 . . . 2x — 17. 
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Then 

±±± (tf I »3»)<-) + (0V3 . 5)&' (2.6 + 0) 
3 

+ -An (3 • 6 + 0(tf 1*3 • 6)£» 

+ -fL (2 . 6 + 3 )(<>V8)£> 

+ ^=5l (65 - iox - 2 3 )(oV 3 );+"-<-' 
ml o\ 

+ «+_ij"( 3 )f» {(oV3)£rJ>+(^)c(oV3)<?!_. 

+ (oV2)£U } + (3)S { (oV3)&-»" 

+ U) C(o»i' 3 )i?r?» + (-J-) C (oV 2 )£r 8 " 

+ (A) CCo 4 ^)^-. 11 + (^■)c(o«i J 2)irr. 1 ' 

+ (3.) CCoV)^, 1 ' + (f ) C(oP3)ftL. 
+ / ij c (o*i2)fi?L 8 + (-J-) C (o»i')£?L, } 
+ (3){;> { (rfi» 3 )ftrS + (-7) C (fti'syjBzH 
+ (f ) C(oV 2 )« + (-J-) C(o*i 3 )£ri> 
+ (£.) Cr&teygza + (-J-) C(oV)£?r?J 

+ (£) C(o'3)^ J xi + (-£) C(^ia)jr=a 
+ /i) C(oV)£r?J + (f ) C(o 5 2)i?rii 

+ (i) c r (oV)j?=;i + (-J-) C(o 5 or«- U } 

+ 

+ 

+ 

(3)^-a 8) {(o'i) ,s) + (o 6 )"'} + W-ii" {(<*•)}] 



=0. (33) 
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In this r varies, being = y + it — m always, and C r also 
varies. The term (3)iJ— Vo 6 2)£?Zii means the coefficient of 
PPWlu times the coefficient of PlPSOl^+u. in the invariant 
e u multiplied by (|) C. r = «- S + 9 — = 4, and Q 
is the numerical coefficient of P\PP P { * ] in 

Thus every term in the invariant 8, has been considered, and 
by (23), (24) and (27) every coefficient has been expressed by 
simple formulae in terms of s and n excepting those represented 
by (30), and they are expressed in terms of preceding coefficients. 



Section III. 



Associate Equations and Associate Variables. 

In the memoir previously referred to, Mr. Forsyth shows 
that in connection with any differential equation A x of order 
n there are n — 2 other equations, A %i A St A 4 , . . . A u _ lf whose 
variables are formed as follows : Let t^, u t , u St . . . u* be solu- 
tions of A lt then if we take any two u\, Up, the determinant • 






is a solution of A%. 
form a determinant 



Generally if we take any * of the u's and 



«„ 


Up 


Uy 


u' a 


«jj 


Uy 


u'i 


«2 


u» 



. • • M) 

. . . u[ 
. . . vt 



ft 



= &K, 



where a, £, p . . . v are any x of the numbers 1, 2, 3 . . . n, then 



a K will be a solution of A K . As there are 



m 



combinations of 



n things x at a time, there will be f — J variables a K satisfying an 

equation A K of order! — j. A K will be called the (x — i)th 

associate equation, and the variables a K the (x — i)th associate 
variables. These variables a K are particular and linearly inde- 
pendent solutions of A K . A n - X is the Lagrangian adjoint equa- 
tion. a K may be written (a^y . . . v (K ~ 1, ) > or, as we are not 

concerned with which suffixes are taken, 0123 . . . (x — 1), then 



30 
«, = («^) = 5i, a, = W*"') = 5123. 

The number of these is f — ] . 



a n ^ = (i2' 3 V'5 IV ...» - i { — f) ) or 01234 ...(*- 2), 
while (12'3'V • • - w*" 1 ) or 1234 ...(»— 1) 

is the non- vanishing constant J. To illustrate what follows I 
shall first take a particular case, n = 5. Then A x will be 

u {s) 4 io<e 8 «" + S<p&' 4 ?»* = o. (34a) 

u x ,u^u z ,u±,u b are the five independent solutions ; then #,=01. 
o and 1 being the differential indices of the diagonal of the 
determinant formed with any two of the «'s and their first de- 
rivatives, then 

da* , — 
= a' 2 = 02, 



or 



dx __ _ 

«2 = 03 4 12,^ 

a!" = 04 4- 2.i3,_ __ 

a\ Y = 3 . 14 + 2 . 23 + 05. 

Substituting for « y in 05 its value from (35), 

aj*> = 3.14 4 2.23—10^02 — 5^01, 

a? 4 io?,02 4 5?40i = 3 . 14 + 2. 23 = 5 4 , say. 



Differentiating, 

5.244- 3.15 = ^ = 5^24—3.10^124- 3^01, 

4 = 5 • 34 — 3oO»i2 4 ^.13) 4- 5 • 25_ _ 
= 5-34-3o(pli2 4- ^»I3)4-5{5SM2 4-^02}, 
Jb — 5n<** = 5 • 34 4- (25^4 -^30^) 12 — 30^13 = *6, say. 
y 6 = (25? i — 30^') 12 4 (25? 4 ~ 2pd) 13 

_ —30^(144-23)45.35 
= (25^ - 3O?£0 12 4 (50^4-^60^) 13 

- 30^8 (14- 4- *~ 2 3 ' 14 ) 4 S9 . K -12) 
4- 25^ (^—3. 14), _ 
Ji — iop 8 *4 — 5^6«» = — (5^6 — 25^4 4 30??) 12 

4- (50^* — 6o<Ps) 13 — 60^,14. 



3i 

Let 

X= — (5v> 6 — 25?i + 30?!'), y= (50^4 — 6o?£)> Z= — 6o? 8 . 

and 

Then 

J 7 = JTl2 + Kl3 + 2T4, (35) 

y 7 = ^'i2 + (^r+ r)i3 + (r+z')i4+ y*3+z(M + r 5 ) 



= X' + 



-^) 12 + [z f - 1) 14 + ex + n 13 



y 7 — - j 4 — r- C*i + 2p 6 a 2 ) 
z 5 



+ — J4 + — W + 2^ 5 «a), 

2 5 



= *. = (x'+ f?) 12 + (jr+ n 13 + (z- -£) 14 

K. = ( A" + 2 ^) 12 + (2X' + Y"+ g) I3 

+ (jf + -£ + Z") 14 + (A" + Y) 23 
+ (z' - -£)(24 + is) 

= (^" + ^f : -f)" + ( r " + ^' + l> 

(z>-Z\ . 

+ ^ - 1 W + 2*0.0,). 



(36) 



Let 






, /y,,^ ZZ' YZ\ — 
St = X" + 3 12 

\ 15 30 / 

+ ( Y" + 2X' + ~)^+ (z"- 2Y '+ X }t* 



(37) 



1 



32 



4 = 



(* 



,„ + 3^'"' + 4^2" 



// 



15 



* ' 12 



30 



-) 



+ (z'"-- 3 r (K" + A r ')-^)i4+ (y + 2-Y' 



>10 



= J x m + — + ^?- — -1 yz— -i yz' 
l 5 15 10 30 






3 r» 3 x f z>\- 

2 2 30, 



(38) 



fz"-*- * 114 

V 2 2 30/ * 



Now we have four equations, (35), (36), (37), (38), by which 
(12), (13) and (14) can be eliminated, leaving 



s<j, X, 
s„ X' + 



s„ X" + 



15' 
ZZ' 



YZ 



X'"+ 



5 30 

4 ZZ" ZV- 



$Ul 



10 



6Z«> + YZ' + ZX 
30 



Y, 

y + x, 

Y" + 2X' + 
Y'"+ 3 X" + 



15' 
ZZ' ~ 

3 
ZY 

30 J 



Z 
Z'- 

Z"- 



2 

y — 

1 V" 



= o. 



±X 

2 



2 

z* 

30 J 

(39) 



an equation in a it its derivatives, and functions derived from 
the coefficients of (34a). It is of the tenth order and linear, 



33 



It 



8> 



9) 



and is the first associate of (34a). To obtain the second asso- 
ciate, let w represent the second associate variables. Then 



w = 012, 



w =013, 

a/' : 



= 014 + 023, 

It/" = 2 . O24 + T23 — IO^g OI2, 

a/" + \o<p z w = t, = 2 . 024 4- F23, 



1 



t 8 = 3 . 124 + 2 . 034 + 2 . 5<p* 012, 
10<p 4 w =3. 124 + 2. 634 = r 4 , say, 



*i 4- 3nw — io^o/ = 5 . 134 + 20? 8 023 = t 5 , say, 

*§ = 5 • *34 + 6°?* 123 4- 20? i 023 

— 5<PiV/ 4- i<W8, 
tJ4- 59^ — io^.t, = 5 . 234 4- 6of 8 123 4- 20?i 023 = r 6 . 

Proceeding thus, four equations are obtained from which 
024, 023 and 124 can be eliminated. The result is 



X l9 

z\ 



X[ + 

x» + 



15 ' 



10; 



5 30 

Yllf 1 4^i^ 1 _Lf_2~ 

1 5 10 
30 



Y, 

Y[ + X u 

Y'l + 2X 1 + 

n"+3^i'+ 



Z 



Z]_ 

15' 

z,z' n 

3 

30 J 



z\- 


Y x 

2 




Z'l- 


■Y[- 


*, 

2 


z»- 


2 r * 


2 



=0, 



30 -J 

(40) 



where X x = 5^ — 20^, Y x = 50^ — 140^ , Z x — 6o^ 8 . 
(40) is also of the tenth order and linear. 
The third associate is the adjoint equation. It is 

if— io^'4(5^4— 2O?0 z/— ((p b — 5^4 iOflT)v=o = At. (41) 
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The first associate of this adjoint equation may be obtained 
from (39) by writing in it 

— 9s for ? 8 , 
5^ — 20^3 for 5p 4 , 
— (<P* — 5?1 + io ^) for <p 6 . 

A little examination will show that these transformations among 
the coefficients, which change A x into A 4 and A 4 into A lt also 
transforms A 2 into A z and A z into A 3 , and in particular, 

Si t s i} Sq, $10 , J£ y Y and Z, 
into t 7 , r 8 , t 9 , r 10 , ^Yi, }^ and Z x 

respectively and vice versa. Then for the quintic at least it 
follows that the rth associate of an equation is the/th associate 
of the adjoint equation when 

'+/ = 3- (42) 

Preparatory to extending this theorem to the wthic, it will be 
well to consider it in a different way. 

If a % A 4 represent the first associate variable of the third asso- 
ciate equation', and a r A, the (r — i)st associate variable of the 
(5 — i)st associate equation, then 

(i2'3"4"')(56'8"9'") 
(I2'3"4 IV )(56'8"9 ,T ) 

= (2 3 '4")(45'6"8'"9 IV ) - (i 3 '4")C25'6"8"'9 IV ) 

+ (I2' 4 ")(35'6"8'"9 IV ) - (I2'3")(45'6"8'"9 ,T ) 

If n = 5, then 6, 9, 8 will be 2, 4, 3, say, and the above 
becomes 

(2 3 '4")(i5'2"3'"4 IV ) = - «.(23'4"), 
where a 6 is the non-vanishing constant. Then# a ^ = Ca z A l9 C 
is a constant. Take n = 6. A b is the adjoint. Then 

(12' f 4'" 5"), (i2\y'4"'6 ,v ), (i2' 3 "5'"6 IV ) 
a,A. = (I2'3" 4 '"5 IV )'. Ci2'3"4'"6 IV )', (i2' 3 "5'"6 IV )' 
(i2' 3 " 4 '"5 IV )". (i2'3" 4 '"6 IV )", (i2'3"5'"6 ,v )" 

= a!(i2' 3 ") or a,A x A\ 



a % A± = 
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then 

a z A b = Ca z A x , 

where C = the constant 4 3 . The general theorem is 

a K A n ^ = J"-W*i 

for all values of x and A for which x + A= »; that is, the x — i)st 
associate variable of the adjoint equation is a constant multiple 
of the (A — i)st associate variables of the" original equation when 
X + x = n. 
a K A H _ x is 

(2 3 '4"5'" • - • * (B ~ a, )> (I3'4"5'" • • • »- i ( — ,} , » ( — 0, 

(i2V'5'"6 iy . . . * — i (w " 8) , » ( — "O, . • • 
(I2'3" . . . x- i<«- a >, x + i<«-« . . . »<— «) 

(23V5'" • • . » ( — ,, y, (i3 f 4"5" v . . . » - i (b " 8) > » ( — f) y, 

V. J » • • • v / 

(2 3 ' 4 "5'" ••• w'- 2 ')", (i3'4'5'" ••• «'"-")". 



(23V , 5 w •••» ( •■ 1, ) ( "" 1, .-.. 

(l2' 3 " ... x - !<«-«, x + !««-« . . . »(—«)(«-« 

This is a determinant of order x. In the third and lower 
rows each constituent equals the sum of a number of terms, all 
but one of which will contain u { *\ and substituting for this its 
value from the differential equation, the terms are seen to be 
multiples of preceding rows and may be omitted. Each con- 
stituent becomes then a first mirror of J, and the conjugate 
determinant is 

j(n-l) 2 (»-l) -j(n-l) jjii-1) f t f x (»-l) 

j(«-i) 2 (B ~ a) V*~ 2 \ 4 (n ~" 2) . . . x (n •~ 2, 



!(«-«) 2 {n ~~ K) ^«-«) A*-*) . . . *<»-*> 
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Having found a proof showing that a K A n ^ v = a % __ K A t A* 
was not, in general, true, I used it for the case when v= i, 
when it is true that a K A u _ 1 = a % ^ K A x A K - 1 . But this follows 
immediately from Section 6, Chapter V, of Determinants, by 
R. F. Scott. Then we conclude that for all values of x the 
(z — i)st associate variable of an equation is a constant multiple 
of the (n — x — i)st associate variable of its adjoint equa- 
tion. {45) 

When Ai is self-adjoint, A n _ l = A ly and then 

&k.A\ = u n _ K Ai, 

or all equations of complementary rank associate to a self-adjoint 
equation are equal. (46) 

The associate equations A K and A n _ K are said to be of com- 
plementary rank. 

The question arises, does this hold for other associate equa- 
tions of complementary rank, i. e. for any equation does 

a r A v = a n _ r A n _ v &. 

Turning to equations (39) and (40), make 

<p s = o and <p 6 = 5*p i , 

then (39) reduces to an equation of the ninth order, there being 
a linear relation between the a's. But A z or (40) does not 
reduce. 

a 9 A 2 is now a non-vanishing constant and cannot be a solution 
of A z . Therefore a 9 A 2 does not equal a x A z . (47) 



Section IV. 

Conditions for the Self-Adjointness of Differential 

Equations. 

Any equation is self-adjoint when its invariants with odd 
suffix vanish. 

Let r be the order of the equation. The relations which 
exist between the coefficients are 

(-!)■/>. = />„- nPl^ + (-J) />?_, - (~) PSLn 

+ (jr J P l J-4 + • • • n = i, 2, 3, . . . r 

These relations follow from those given by Dr. Craig in his 
treatise, pp. 490-493. For example, take the sextic (f), p. 491, 
and (j)\ p. 492. In order that it may be self-adjoint, 

or generally, 

(-!)«*-. ='"£ V-i)' (^) />«.._.. 

If the equation had been written with binomial coefficients 
this would become 



(-„.(4)/>.-.=-r(-of4^)^-- 

If we call 6 — x, m and divide I — J it becomes 
(- i)*P m = P~- mP' m -i + — , etc. 

It is not difficult to see that this will hold for any equation. 
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First, let n be odd, then 



o = 2/>. - */»_. + (£) /'L'-, - ( j ) P'JL, + -, etc. (48) 



» - 2 ! 2* - 5 ! /«_ \ p,,, 
» — 4 ! 2» — 3 ! V 3 / * 



2« — 3V 2,/ 2» — 3\2y 1_ 

Thus it is seen that (48) — 29 n contains neither P n nor P f n - U 

( 7l\ ft ~~~ I 

and that (48) — 2& n — I — 1 — — — #Jf_ a is without the first two 

\ 2 / 2# 3 

pair of terms in P ni P f n _ ly PH- U ^if'-a, and from 

w> - * - (t) =^ «— (f X^ffc) «•- 

the first three pairs of terms disappear. By subtracting certain 
multiples of the invariants and their derivatives from (48) the 
terms continue to disappear in pairs. The multiplier of ^i^o- 

would be 2 (ffii^ U-^-i ) ~ 2M " ^ 

From what precedes, especially (22) and (23), we know 

the coefficient of /><■?„ in (48) is (— 

the coefficient of P^H* in 2M o n is 

^X^rX^s)-* 6 ""- 

the coefficient of P^ u in 2iWI0Jf_, is 
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the coefficient of Pj*}, K in 2M a 6^„ is 

\n — 2xJ\2x — 2<r — i/\2n — 40-— 3/ J 

It will now be shown that 



= 2 MaCa, i.e. i = 2 



2* / a = / » 






2X 

Let M V C«- 



\2X 



2X 

then 

n — I ! 271 — 2X — 2 ! 271 — I . 2X \ 



tn c = 



2x ! n — 2x — i ! 2n — i ! ' 
___ n — i ! 2n — 2x — 4 ! 2tt — 5 . 2x ! 

frl\C\ — j j -. p . 

2 ! 2« — 3 ! 2x — 21 n — 2x — i! 

generally 

^ „ / 2x \ n — i\n— 2.n — 3 . . . # — 2x . 2n — do- — 1 

\2<r J 2tl — 2<r — I . 271— 2a — 2 . . . 2fl — 2o— 2x — I 

When n = 1, %^ has a zero factor in the numerator for all 
values of <r except <r = o. The series reduces to 

— 2X — 1 ! 
m c = — —1 = 1. 

— 2X — 1 ! 

For n = 2 the series has no zero factor, if a = o or 1, and 
reduces to 

— 2x — 2 ! 3 2x — 2 ! 2x . 2x — 1 _ 

1  —^ x * 



3 . 2 . I . 2* — 3 ! 2x— I ! 2 



Similarly for n = 3, 4, 5. 



2z — 1 ! 2 



For « = 2x the series is w^ = v ~ = 1. 

2x — 1 ! 2 

For n — 2x — 1 the series is 

2x — 2 ! 2x ! 2 x — 2 ! 

2x — 2 ! 2x — I ! 2 2x — 312 
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For n = x — 
ntoCo 



if 



f Or — 



2x! 2* 



= « , °. (- I)*, 



a = 



* — 2 ix + I ! 



2x 



2X\ 



m*c 



2x ! 2* — 7 . 2* ! , 

= a — i r— £ i ; ( — 



^ 2 ! 2* - 2 ! 2* -- 5 ! 5 ! 

2X ! 2z ! 2x — 1 1 



w%c% 



= a 



4 ! 2* — 4 ! 7 ! 2x — 7 ! 



(- 0*, 






2x \ 2X \ 2x — 9 

6 ! 2x — 6 ! 3 ! 2x — 3 ! 

2x \/ 2x 



(- I)"" 1 , 



^-sc-o*- 1 . 



4 A J 

W JC _i^i£_i = 7fl K C K = O, 



+ , etc. 



forms a series which is equal to unity. This is seen by taking 
the coefficient of j?* + 8 from each member of the equation in 

which (i —yY* ^-( x +yy* ls written equal to its expansion 

+ . . . +(-\y~ t - (—)y— + (y)y"- , -»y"- , +y, 

The coefficient of_^* + s in the product of the right members 



+ . . . + 8 



is 



{ 



♦'tMt 



2* 
I 



+ 6 



2x\f2x y 



-(~.)(?Xf)+<~ 



■'(f)(i) + - 



} 



• •• ,•• 
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and adding the terms in the upper line to those below them 
this equals 

(!K * - (f )(t>« - *> + (!)(?)<»-« 



which is the series 1 *^ (— i> . The coefficient ofy + 8 in 

<r = o « 

(_ x> 2 , ( 2 ^_L) = (_ X> *J = (_ x> JL. 

v \ x + I / x + I ! x — 2! a 

Therefore 

2 1 W^a = I. (49) 

<r = o 

Then for all values of n in like manner the same result will 
follow, and thus the coefficient of P^^ in (48) 

= 2M S n + 2^1., + 2M^:_, + . . . + 2M K 8^ 2K . (50) 

The coefficient of Pl 2 lt K 1 }_ 1 in this last series is found from that 
of /^a* by giving a the same values and changing 2* to 2* + 1, 

and therefore this also equals [ — - — J . 

n \2z + 1/ 

If in (47a) n be even, the general relation between the coeffi- 
cients is expressed by 

o = />:_, - *=J />>'_, + (- 0- 1 4=-^, p { ;l. . ) 

2 »!n— *! L (5I) 

In a way similar to the case when n is odd, it may be shown 
that (51) is equal to a linear function of the invariants and their 
derivatives, say 

(51) = *—i + -AWL'-, + -WH. + . . . + -A£-.*i— 4) . (52) 

Now, the invariants in (50) and (52) have odd suffixes. Then 
when the invariants with odd suffixes vanish (48) equals zero, 
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and also (51) equals zero, and the conditions for self-adjointness 
are satisfied, and the proposition with which this section begins 
is established. 

It is to be noticed, however, that an equation may be self- 
adjoint when its invariants with odd suffix do not vanish, but 
satisfy the linear relation expressed by equating the right mem- 
bers of (50) and (52) to zero, which is equivalent to saying that 
(47a) and (57) are satisfied. 
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